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Dynamic Stochastic Economic Models

Dynamic Stochastic Models

These models can used to analyze, for example, business cycles
and effects of policies. The specific model being looked at is the
International Real Business Cycle (IRBC), which describes the
dynamics of N countries characterized by a d = 2N dimensional
state-space X ⊂ [0, 1]d, comprising of productivity and capital
stock.

Stochastic Transitions & Equilibrium Conditions: For
xt ∈ X, the transition t → t + 1 can then be represented by
the distribution of next period’s state xt+1, conditional on the
current state xt and policy p. In addition, the period-to-period
equilibrium conditions E(·) must be satisfied by the policy p.

[E1] xt+1 ∼ D(·|xt, p(xt))

E [E(xt, xt+1, p(xt), p(xt+1))|xt, p(xt)] = 0, ∀t

Time Iteration Algorithm: We use the term “time iteration”
for an algorithm that iteratively updates the policy function by
solving the period-to-period first-order equilibrium conditions [E1].

Motivation

Interpolation is required on a 2N -dimensional state-space. With
N � 2, we encounter the so called Curse-of-Dimensionality.

� Full Grid: Discretization into m 1D segments (Cartesian Grid)
leads to exponential increase of computational resources, O(md).

� Sparse Girds: Sufficient reduction in computational resources
for medium sized problems O(m log(m)d−1), but in higher dimen-
sions attainting required grid resolution leads to massive increases
in grid-points.

� Dimensional Decomposition: Provides an avenue to both
reduce total grid points and achieve gradual increase in grid points
with refinement. For a first-order decomposition, grid points in-
crease linearly with dimension, O(md).

Proposition: Utilize dimensional decomposition in conjunc-
tion with adaptive sparse grids (referred to as DDSG) to gener-
ate a highly parrallelized interpolation routine for the iterative
solution method.
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Fig 1: Number of interpolation grid-points for SG and DDSG order 1 and 2 at refinement
level 4 and 8. DDSG exhibits both a reduction of grid points but also a gradual increase in
point with changing refinement levels.

Dimensional Decomposition

General Dimensional Decomposition: The
solution to the minimization problem of [E3]
is the unique and optimal component function.
Specifying the weight function w dictates the
properties of the method.

[E3] minimize
fu∗ (xu∗ )

1

2

∥∥∥∥∥∑
u⊆S

fu(xu)− f(x)

∥∥∥∥∥
2

w

subject to

∫
fu(xu)w(xu)dxi = 0

∀i ∈ u ⊆ S, i 6= ∅
Cut-HDMR: A variate of the general formula-
tion of [E3], but using the Dirac Delta (product
measure) as its weight function.

[E4] w(x)dx =
d∏

i=1

δ(xi − x̄i)dxi,

f(x) =
∑
u⊆S

fu(xu)

fu(xu) = f(x)|x=x̄\xu −
∑
v⊂S

fv(xv)
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Fig 2: 2D function decomposed into a set of 1D functions. No
smoothing behavior, as the component functions only retain
point-wise information.

Significance Measure: Early truncation of
equation [E4] is required for efficient approxima-
tion.

[E5] ηu =

∥∥∫ fu(xu)dx
∥∥

2∥∥∥∥∥∥
∑

v⊂S,|v|≤|u|−1

∫
fu(xu)dx

∥∥∥∥∥∥
2

.

Sparse Grids

Function Approximation: The sparse grid in-
terpolation SG, is the hierarchical summation of
subspaces Wk such that ‖k‖1 ≤ `+N − 1.

[E6] SGf(x) =
∑

‖k‖1≤`+N−1

Ikf(x)

Ikf(x) =
∑
i∈Ik

αi,kΦi,k(x)
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Fig 3: 3D sparse grid at refinement level 7.

Basis Function: One-dimensional piecewise lin-
ear basis function are generalized to higher di-
mensions using tensor product construction.

[E7] Φk,i(x) :=

|x|⊗
j=1

φk,i(xj)

φk,i(x) = φ

(
x− ihk
hk

)
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Fig 4: Example of a 2D basis function of the hierarchical
increment space W(2,2) .

Parallelized Computation Scheme & Results

DDSG Time Iteration Algorithm

Fig 5: The first level of parallelism from cut-HDMR (top) uses MPI Groups and provides
completely separable computation (dashed boxes). The sparse grid routine offers the second
level of parallelism (bottom), utilizing MPI and Intel(R) TBB with synchronization of
resources at every refinement level.

Convergence: For dimensions > 8, DDSG takes less execution
time for similar convergence in comparison to SG.
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Fig 6: Convergence plot for different sized models using SG refinement level 3 and first
order DDSG at refinement level 3 for 4D and 8D and level 4 for 16D and 20D.
Normalization is referenced to first iteration time of 4D DDSG.

Scalability: Strong scaling for 50D model with 36k and 80k grid
points, using DDSG order 2 at refinement level 4 and 5.
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Fig 7: Normalized node hours vs number of nodes, for actual and theoretical parrallelized
execution time. Normalization is referenced to single node execution time.

Global Solution: The global solutions for IRBC models up to
200 dimensions, computed using DDSG.
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Fig 8: The red bars show the speedup of DDSG order 1 over sparse grids, both at
refinement level 2. The green line shows the average Euler error measured after sufficient
iterations.

Conclusion: The proposed methodology introduces the fol-
lowing advancements:

� Efficient Time-Iteration: Dimensional decomposition
with sparse grids (DDSG) allows for significant reduction in
the number grid-points. Furthermore, we are able to increase
the refinement levels without significant increases in grid points.

� Increased Parallelism: The framework developed intro-
duced significant parallelism with strong scaling that is well
suited for large-scale HPC systems.

� Global Solution: We compute the global optimal policy
for a 200D dynamic stochastic economic model, which is far
beyond what is possible with modern solution methods such
Adaptive Sparse Grids.
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